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Regular Expressions
and Deterministic Finite Automata

* Now, we need to show that every language accepted by a
deterministic finite automaton is regular.

e Given a DFA M = ({q1,...,qn},2,5,q1,F)

e Define Rl.kj as Set of strings that go from State i to State |
without going through any state numbered higher than k

o We can define Rl.kj by recursion, as we will show

. Rf,- = {a|d(g;,a) = q;} U {€}
o R).={ald(g.a) =q}ifi#]

_|_
k _ pk-1 k=1 pk—=1\  pk-1



Regular Expressions
and Deterministic Finite Automata

o Observation: Rl.kj IS given by a regular expression

* Proof by induction on k
e Base: k=0
o Firstcase 1 # J:
0 - : : .
. Rl., ils the set of strings accepted by going from State 1

to State j without going through any other State

o If there is no transition: Rl.oj = ).
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o Observation: Rl.kj IS given by a regular expression

* Proof by induction on k
e Base: k=0
o Firstcase 1 # J:
0 - : : .
. Rl., ils the set of strings accepted by going from State 1

to State j without going through any other State

o If there is a transition: Rl.oj = a.
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Regular Expressions
and Deterministic Finite Automata

Observation: Rl.kj IS given by a regular expression

* Proof by induction on k
e Base: k=0
o Firstcase 1 # J:
0 - : : .
. Rl., ils the set of strings accepted by going from State 1

to State j without going through any other State

o |If there are more transitions: Rl.oj —a+b+....
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Regular Expressions
and Deterministic Finite Automata

o Observation: Rl.kj IS given by a regular expression

* Proof by induction on k
e Base: k=0
e Second case [ = J:

0 . : : :
o Rl.,l. Is the set of strings accepted by going from State 1

to State j without going through any other State

o If there are no transitions: Rl.ol. = €

®
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Regular Expressions
and Deterministic Finite Automata

o Observation: Rl.kj IS given by a regular expression

* Proof by induction on k
e Base: k=0
e Second case [ = J:

0 . : : :
o Rl.,l. Is the set of strings accepted by going from State 1

to State j without going through any other State
o If there are self-transitions: RiOl. =e¢+a+b+...
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Regular Expressions
and Deterministic Finite Automata

. Pk o .
e Observation: Rl., ; Is given by a regular expression

* Proof by induction on k
* |nduction step: kK —> k+1
* How can we get from State j to State

\ //

R
,’ -><k>/_‘\\
|
oR—;
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Regular Expressions
and Deterministic Finite Automata

e How can we get from State / to State ] ?

{ \
\\ ,
,’—-><kj_\\
| }
O
Start—>© @

e Can go without touching k

e Can go to k without touching k, then zero, once, or many times
from k to k without touching k in between, followed by going
from k to j without touching k



Regular Expressions
and Deterministic Finite Automata

* How can we get from State j to Statej ?
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e \We read off:



Regular Expressions
and Deterministic Finite Automata

* How can we get from State j to Statej ?

( V0, 1,2, ... times
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Regular Expressions
and Deterministic Finite Automata

e |t follows that the language accepted by a DFA is regular:

* A string is accepted if it moves from the initial state to a
final state

_ n+1 __ n+1
FM) = U, eq R = Z e

q4€F



Regular Expressions
and Deterministic Finite Automata

e Example: A=

1 riy = 1
rl =0
Start —{ 94 0 Qo 1 2,1
1

\0 hp=¢€

0,1




Regular Expressions
and Deterministic Finite Automata

* Example: 2 =
rll,z =
1 rlz3 =1
Iy, = 0
2 —
start {9 o @ 1 2, = €+ 00 = ¢ + 00
r7,=1+0e*1=1+01
0
> ”32,1 =©
r32,2 =0+1

2 _
7"3,3—6



Regular Expressions
and Deterministic Finite Automata

e Example:

1

AN

0 0,1

= 4, 2 = e+ 0(e + 00)70 = ¢ + 0(00)0 = ¢ + (00)*0 = 00*

1y =11y + 175(ry )15, = 04 0(00)*e = 0(00)*

ri3 = r12,3 + 1f12’2(1"22,2)>’<r22,3 =1+0(+00)*1 =1+ 0000)*1



Regular Expressions
and Deterministic Finite Automata

e Example:

1

AN

0 0,1

13 = 12, + 13,0353 | = 0+ (00)%(00)*0 = (00)*0



Regular Expressions
and Deterministic Finite Automata

e Example:

1

Start d4 0 @ 1

AN

0 0,1

3 2 2 D w2
Iy =155+ 15,(ry,)*ry , = (00)*



Regular Expressions
and Deterministic Finite Automata

e Example:

1

AN

0 0,1

rys = T35+ 135(ry5)¥rs 5 = (14 01) + 00(00)*(1 + 01) = = 1 + 01 + (00)*1 + (00)*01



Regular Expressions
and Deterministic Finite Automata

e Example:

1

AN

0 0,1

ry 1 =151+ 15,0 5 = @ + (04 1)(00)*0 = (00)* + 1(00)*0



Regular Expressions
and Deterministic Finite Automata

e Example:

1

AN

0 0,1

rys = T3y +15,(ry)¥r5, = (0 4+ 1) + (0 + 1)(00)*00 = 0(00)* + 1(00)*



Regular Expressions
and Deterministic Finite Automata

e Example:

1

AN

0 0,1

rys = Ty5 + 15,(ry ) ¥1r5 5 = € + (0 + 1(00)*(1 + 01)
= ¢ + 0(00)*1 + 1(00)*1 + 0(00)*01 + 1(00)*01

= ¢ + 0(00)*1 + 1(00)*1 + (00)*1 + 1(00)*01



Regular Expressions
and Deterministic Finite Automata

e Example:

1

AN

0 0,1

_ 4 4 _ 3 3 03 \g.3 3 3 .3
LM) =1y, + 13 =1, +15(153)%r5, + 113+ 175(r53)%73 3

= 0(00)* + (1 + 0(00)*1) (& + 0(00)*1 + 1(00)*1 + (00)*1 + 1(00)*01) 0(00)* -+ 1(00)*

+1 + 0(00)*1 + (1 + 0(00)*1) (6 + 0(00)*1 + 1(00)*1 + (00)"1 + 1(00)*01)* 0(00)* + 1(00)*



Finite Automata with Output

e Moore machines

* Whenever the machine is in state / it outputs a symbol
depending on the state

e Example:

e A Moore machine that calculates the remainder
modulo 3 of a binary number

e To derive the formula, consider

a.x (mod3) = 2a+zx (mod 3)
= (Za (mod 3)) + (:13 (mod 3))
= 2(@ (mod 3)) + (CL‘ (mod 3))



Finite Automata with Output
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Finite Automata with Output

e Mealy Machines
e Qutput depends on the current state and the transition
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Finite Automata with Output

* |t can be shown that Mealy and Moore machines are
equivalent



